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Cooperative model of bacterial sensing

Yu Shi and Thomas Duke
TCM Group, Cavendish Laboratory, Madingley Road, Cambridge CB3 0HE, United Kingdom

~Received 5 June 1998!

Bacterial chemotaxis is controlled by the signaling of a cluster of receptors. A cooperative model is pre-
sented, in which coupling between neighboring receptor dimers enhances the sensitivity with which stimuli can
be detected, without diminishing the range of chemoeffector concentration over which chemotaxis can operate.
Individual receptor dimers have two stable conformational states: one active, one inactive. Noise gives rise to
a distribution between these states, with the probability influenced by ligand binding, and also by the confor-
mational states of adjacent receptor dimers. The two-state model is solved, based on an equivalence with the
Ising model in a randomly distributed magnetic field. The model has only two effective parameters, and unifies
a number of experimental findings. According to the value of the parameter comparing coupling and noise, the
signal can be arbitrarily sensitive to changes in the fraction of receptor dimers to which the ligand is bound.
The counteracting effect of a change of methylation level is mapped to an induced field in the Ising model. By
returning the activity to the prestimulus level, this adapts the receptor cluster to a new ambient concentration
of chemoeffector, and ensures that a sensitive response can be maintained over a wide range of concentrations.
@S1063-651X~98!12011-1#

PACS number~s!: 87.10.1e, 87.22.2q, 05.20.2y
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I. INTRODUCTION

One of the reasons why we think living things are spec
is that they show an awareness of the environment: t
respond sensitively to stimuli, and can adapt to change
the surroundings. Such biological complexity is display
even by bacteria, which, in order to survive, have to be aw
of their precarious environment where various conditio
such as nutrient and toxin levels, acidity and temperat
may change rapidly@1#. In order to discover universal prin
ciples, applicable at many levels of biological complexity,
investigating a simple system, Adler revived studies on b
terial chemotaxis which had been intensively investigate
century ago@2#. Recent genetic engineering methods ha
made it a paradigmatic system of cellular signaling and
aptation.

A bacterium such asEscherichia colior Salmonella typh-
imurium swims smoothly by rotating a bundle of helical fl
gella counterclockwise, but tumbles chaotically if the flage
rotate clockwise. When it moves toward a higher concen
tion of attractant, such as aspartate, it tumbles less
quently. When it moves toward a higher concentration
repellent, it tumbles more frequently. So the bacterium p
forms a biased random walk toward an attractant and a
from a repellent. This phenomenon is called chemotaxis@3#.
It is mediated by receptors with extracytoplasmic sens
domains, connected by transmembrane helices to signa
domains in the cytoplasm. The receptors, which are predo
nantly dimeric, cluster at one pole of the cell@4#. There are
several types of transmembrane receptors, which respon
different chemoeffectors but use the same signaling path
@3,5,6#, as shown in Fig. 1. Each receptor dimer is joined
two CheA kinase molecules, via two CheW proteins, for
ing a 2:2:2 complex. CheA is autophosphorylated at a r
that is greatly enhanced by the receptor. The phospha
then passed from CheA to a regulator protein CheY. Wh
PRE 581063-651X/98/58~5!/6399~8!/$15.00
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phosphorylated CheY diffuses to a rotatory motor, the pr
ability of clockwise rotation of the motor, and consequen
the tumbling frequency of the bacterium, increases. T
binding of a chemoeffector ligand to a receptor dimer c
trigger a transmembrane conformational change which re
lates the autophosphorylation of CheA; attractant binding
creases the rate, while repellent binding increases it. In
way, an extracellular stimulus, i.e., a ligand binding to
receptor, can modify the tumbling frequency. It is genera
thought that there exist two stable conformational states
the receptor dimer: an ‘‘active’’ conformation which corre
sponds to a very high rate of CheA autophosphorylation,
an ‘‘inactive’’ conformation which corresponds to a lowe
rate.

An important feature of chemotaxis is that the tumbli
frequency largely depends on recent change of the con
tration of chemoeffector. This is achieved through an ad

FIG. 1. Schematic illustration of the chemotactic signaling pa
way.
6399 © 1998 The American Physical Society
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6400 PRE 58YU SHI AND THOMAS DUKE
tation process, which returns the activity of the system to
prestimulus level after a period of time. Adaptation is a
sured by a feedback loop which involves another regula
protein, CheB. Like CheY, CheB also receives a phosph
group from CheA. Phospho-CheB mediates a slow deme
lation of the receptor, countering the action of CheR, wh
promotes methylation. Attractant binding also makes the
ceptor a better substrate for CheR. Since methylation
hances the autophosphorylation rate of CheA, the chang
the rate of phospho-CheY production is gradually rever
by the feedback, and the tumbling frequency ultimately
turns to the prestimulus level.

Each subunit of a receptor dimer consists of two helic
It has been proposed that the transmembrane signaling
volves a scissorlike or pivoting motion of the pair of subun
@7,8#, or a pistonlike motion involving a conformatio
change within just one subunit@9–11#. The latter mechanism
is favored by recent distance-difference analyses of the
partate receptor, which reveal that attractant binding indu
a displacement of one helix, down toward the cytoplas
while the other three helices are not detectably pertur
@12,13#.

The chemotactic response is extraordinarily sensitive
little as a single attractant molecule can trigger a detecta
motor response@14,15,5#. Recently, Bray, Levin, and
Morton-Firth suggested that this sensitivity might be rela
to the clustering of receptors on the surface of the bacteri
Without discussing any underlying mechanism, they cons
ered the possibility that the binding of a single molecu
ligand affects the activity of a number of receptors, so t
the response is augmented@16#. In this paper, we present
physical model of collective signaling in a cluster of rece
tors. We propose that the cluster responds as an entity,
consequence of nearest-neighbor coupling between i
vidual receptor dimers. In our model, the influence of o
dimer on another depends only on its activity, and not
whether it is liganded. Noise causes each of the rece
dimers to fluctuate between active and inactive states. W
a given receptor dimer binds a molecule ligand, the proba
ity of it being active is altered. Owing to the coupling, th
probabilities of activity of adjacent receptor dimers are a
modified, and this effect propagates throughout the clus
Thereby, the response to a stimulus is amplified. Moreo
ligand binding is a rapid process, while which of the recep
dimers are liganded is random; thus the above effect is
eraged out, and the overall signal is a statistical aver
quantity as a function of the fraction of liganded recep
dimers. The model can be cast as an elementary neural
work and reduced to the Ising model. Thus the paradigm
system of cellular signaling and adaptation is related to
counterpart in statistical mechanics. The model provide
simple, unifying framework to understand a large amoun
experimental data. Sensitivity to very small changes of c
centration, together with the ability to respond to gradie
over a broad range of concentrations, can naturally be
tained. The model might be applicable to a variety of cellu
signaling processes which demand a combination of
threshold of response and wide dynamic range.

The organization of the rest of this paper is as follows.
Sec. II, we analyze various experimental results and ar
for the necessity of taking into account interdimer couplin
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as well as noise. The neural networklike model is co
structed in Sec. III; it is solved in Sec. IV, by reducing it
the Ising model with a randomly distributed magnetic fie
Adaptation, and subsequent signaling, of the adapted sys
is specifically discussed in Sec. V. Section VI contains d
cussions and a summary.

II. COUPLING AND NOISE

A. Coupling

The existence of coupling among receptor dimers is in
cated by a number of experimental results. First, coopera
among receptors in signaling and adaptation is hinted a
the fact that most of the chemotactic receptors cluster in
patch, located at one pole of the cell@4,5#. From the view-
point of evolution, we might formulate a useful biologic
principle: An attribute that exists most probably confers a
vantages over possible alternatives, especially if the la
have some apparent merit.In the present case, if there wer
no cooperation among receptors, a uniform distribution o
the surface would be optimal in efficiency for capturing mo
ecules@18#. Since, in practice, they are found to cluster t
gether, there is most likely an advantage due to this feat
Therefore, coupling among the receptors might well play
role in signaling and adaptation. Coupling among recep
dimers can certainly improve the sensitivity. It can ampl
the signal generated by a stimulus, as has been anticipate
some authors.

Second, it has been found that signaling can oc
through receptor dimers that have been genetically e
neered so that one subunit lacks a signaling domain@9,19–
21#. As mentioned above, a conformational change of o
one subunit has been observed in the crystal struc
@12,13#. If the two subunits have essential differences a
only one of them is involved in the transmembrane signali
then interdimer coupling is inevitable to explain the expe
mental results on truncated subunits~with 50% probability
that the truncation would have been made on the signa
subunit, and no signaling would occur if the dimers act
dependently!. However, there is also the possibility that th
binding of the ligand to one subunit automatically suppres
binding to the other subunit; then the transmembrane sig
can always be generated with either subunit. In this ca
interdimer coupling is not essential to explain the above
periments. Coupling is, however, necessary in order to r
oncile the fact that dimers with a truncated subunit are fu
tional with the favored mechanism of methylation, whic
requires interactions between two subunits of the cytop
mic domain@5#.

Third, it has been proposed, based on experiments, th
least in certain cases, receptor methylation is related
dimer-dimer interactions, i.e., methyltransferase bound
one dimer can methylate other dimers@23,5#. Another sup-
port for coupling is the remarkable mobility of theP2 do-
main of CheA, which provides the docking site for CheY a
CheB. This mobility can serve to amplify the phosphory
tion signal@5#. Finally, a recentin vitro experiment by Liu
et al. showed that kinase activation by a soluble signal
domain construct involves the formation of a large compl
with about 14 receptor signaling domains per CheA@22#.
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This appears to be a strong support for the coupling am
receptor dimersin vivo.

B. Noise

A proper consideration of noise is important for seve
reasons. Thermal noise is certainly a significant issue si
for biological molecules, the energy barriers between dist
conformational states are generally comparable tokT. Thus
there is a high probability of stochastic transitions from o
conformation to another. Indeed, experiments have indica
that there is considerable thermal motion in receptors. Di
phide trapping studies of the galactose-glucose binding
tein have revealed spontaneous, large amplitude the
fluctuations of the protein backbone structure@5#.

Moreover, noise can also provide benefits. In the abse
of noise, nearest-neighbor coupling among receptor dim
would cause the activity to spread across the whole ar
and would inevitably make the response to different stim
indistinguishable. If noise is taken into account, individu
receptors flicker between active and inactive states, and
overall signal is a statistical average, which naturally var
for different numbers of liganded receptor dimers.

With the consideration of noise, it is worth emphasizi
that the signaling process should be understood within
context of dynamic equilibrium: When the concentration
chemoeffector is stable, the conformational state and
level of methylation of each receptor dimer fluctuates mic
scopically, but the mean activity of the system remains
changed. This equilibrium is shifted when the concentrat
of chemoeffector is changed.

III. MODEL

We study the total signal of the cluster of receptors a
quasiequilibrium property corresponding to a certain conc
tration of chemoeffector and a certain level of methylatio
This approach is justified by the wide separation of tim
scales in this system: Ligand binding and protein conform
tional transitions occur within milliseconds. Changes in p
tein phosphorylation occur on a time scale of;0.1 s. The
much slower adaptation process, associated with mod
tions of the methylation level, is on a scale of minutes@3,17#.

The quasiequilibrium state of a dynamics is determin
by the minimum of a noisy ‘‘energy function’’~a Lyapunov
function!. This ‘‘energy’’ is not necessarily the actual phys
cal energy, since it may describe an effective dynamics
‘‘renormalizes’’ the underlying chain of physical processe
Similarly, the noise may not be due only to the temperatu
but in the present case it mostly is. Such a description, wh
reduces degrees of freedom, is especially effective when
underlying physical processes are complicated, or unclea
detail. A typical example is Hopfield’s neural network mod
@24,25#. Here we adopt this approach for chemotactic sign
ing, but with a different interpretation and with the empha
placed on the determination of the equilibrium activity as
function of the external stimuli.

Consider a lattice of receptors, whose basic unit is
receptor dimer, or equivalently, the whole receptor-Che
CheA dimer complex. Initially, we consider a system th
g
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has adapted to a zero concentration of the chemoeffector,
investigate the response when the concentration change
that a fractionc of receptor dimers are bound to chemoeffe
tor molecule ligands. The state of a receptor is a function
the effect of ligand binding and the states of the neighbor
receptor dimers. Characterizing the state of the rece
dimer i by a variableVi ~according to recent observation, it
the vertical position of one of four helices, but we are op
to a possible reinterpretation according to experimental fi
ings!, and the effect of the ligand binding to the recept
dimer i by Hi , most generally we have

Vi 5 Vi~$Vj Þ i%,$H j%!, ~1!

where $H j% denotes the set ofH j for j 5 1,2, . . . , and
$Vj Þ i% denotes the set of allVj for j Þ i . The natural as-
sumption is thatVi is affected only byHi and the states o
the nearest neighbors. Furthermore, for the two-state mo
in which Vi has only two possible valuesV0 or V1, the
McCulloch-Pitts threshold model@26,25# is a natural as-
sumption. Thereby,

Vi 5 cS (
j

Ti j Vj1Hi2Ui D ,

with c~x! 5 H V1 if x.0,

V0 if x<0,
~2!

whereUi is a threshold value, andTi j describes the coupling
among receptor dimers, which is assumed to be nonzero
for nearest neighbors. We adopt the convention thatV0 is the
active conformation andV1 is the inactive one. ThenHi
. 0 for attractant binding, which tends to inactivate rece
tors and depress the autophosphorylation rate of Ch
thereby decreasing the frequency of tumbling. Convers
Hi , 0 for repellent binding.

It is well known that ifTi j 5 Tji andTii 5 0, clearly valid
in the present situation, the dynamics is determined b
Lyapunov function~or Hamiltonian! @25#

H5 2(̂
i j &

Ti j ViVj2(
i

HiVi1(
i

UiVi , ~3!

where^ i j & represents pairs of nearest neighbors. Taking i
account the noise, which induces a state distribution whic
nearly a Boltzmann distribution@25#, the problem reduces to
the statistical mechanics of a system with the above Ham
tonian.

In the simplest interpretation, the noise is purely therm
b51/kT, and Eq. ~3! may be identified as the effectiv
physical energy. According to recent observation,V0 andV1

are the two stable positions of one of the four helices. The
fore, Hi andTi j Vj are forces due to ligand binding and co
pling, respectively. The ‘‘Zeeman energy’’ dependent
ligand binding is due to the free energy exchange with bou
ligand. Similarly, the coupling energy is due to free ener
exchange with the cytoplasm or membrane, which med
the effective coupling.
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6402 PRE 58YU SHI AND THOMAS DUKE
Equation~3! may be transformed to the ‘‘spin’’ represen
tation by writing Si 5 2(Vi2V0)/DV21, whereDV 5 (V1

2V0). Then,

H5 2(̂
i j &

Ji j SiSj2(
i

BiSi1H11E0 , ~4!

where Ji j 5 Ti j DV2/4, Bi 5HiDV/2, and E0 is a constant
given a distribution of$Bi%. H1 is a ‘‘Zeeman energy’’ due
to an effective ‘‘magnetic field’’ independent of$Bi%, which
determines the equilibrium configurations in the absence
$Bi%, i.e., without ligand binding. Without loss of generalit
we setH1 5 0. Thus, in the absence of$Bi%, and if the noise
is sufficiently high,Si is equally distributed between 1 an
21, and the ‘‘magnetization’’ is zero. In other words, it
assumed that there is no energy difference between the a
(Si521) and inactive (Si51) conformations for an iso
lated, unliganded receptor dimeri . The physics does no
change if this difference is set to be nonzero. Ligand bind
shifts the energy difference to 2Bi .

We have now reduced the model to an Ising model. T
activity of the array of receptors corresponds to the aver
magnetization of a lattice of spins, and ligand binding o
receptor dimer corresponds to a local magnetic field a
lattice site:Bi 5 B if the receptor dimeri binds a chemoef-
fector ligand, andBi 5 0 otherwise. If the fraction of
liganded receptor dimers isc, then the value ofBi is ran-
domly distributed betweenB and 0 with probability

p~Bi ! 5 cd~Bi2B!1~12c!d~Bi !. ~5!

This Ising model in a field bimodally distributed between
and B is simpler than the so-called ‘‘random-field Isin
model’’ @27–30#, in which the possible values of the field a
symmetric with respect to zero, and nontrivial results ar
due to the fluctuation of the fields. In our case, the averag
the field is nonzero, so there is a long-range order simply
the result of the explicit symmetry breaking. For Eq.~4!,
B̄i 5 cB, where the overbar denotes the average over di
dered configurations. The fluctuation of the random distri
tion is DBi 5 Ac(12c)B. Consider the formation of a do
main of sizeL in the ferromagnetic ground state. Accordin
to the central limit theorem, the average Zeeman energ
;LdcB, much larger than its fluctuation, which
.
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e
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;Ld/2Ac(12c)B. Therefore, the energy gain is always po
tive, and the fluctuation of the field cannot destroy lon
range order.

IV. SOLUTIONS OF THE MODEL

The two-state model, which has been reduced to the Is
model in a randomly distributed field, as described by E
~4! and ~5!, can be solved by the mean-field method. O
may obtain the result simply by considering that the aver
magnetization,m 5 ^si &̄, where^•••& denotes the thermody
namic average, is determined by the local fieldBi8
5 ( j Ji j m1Bi with the random distribution. Alternatively
one may first obtain the free energy using the replica meth
then calculate the average magnetization@28,29#. It is found
that m is the root of the equation

m5tanh~bnJm1bBi ! ~6!

5
2c

11exp@22~bnJm1bB!#

1
2~12c!

11exp~22bnJm!
21, ~7!

while the noisy Lyapunov function is

F 5
1

2
nJm22

1

b
$c ln@2 cosh„bnJm1bB…#

1~12c!ln@2 cosh~bnJm!#%1E0 . ~8!

HereJi j has been assumed to have a single valueJ for near-
est neighbors,n is the number of nearest neighbors, andb is
a characterization of the noise.

The relation between the chemoeffector concentration
the activity of the system is now reduced to them versusc
relation, determined by Eq.~7!, since the activity of the sys
tem, here defined as the fraction of receptor dimers in
active state, isA 5 (12m)/2, and the pure response to th
stimulus, i.e., the change of the activity, isDA 5 m/2. Al-
though Eq.~7! may possibly have more than one solutio
the one corresponding to the lowestF is what we need. Ap-
proximate analytical solutions may be found in limitin
cases:
m ' H bcB

12bnJ
if b→0

122~12c!exp~22bnJ!22c exp@22~bnJ1bB!# if b→` and B.0,

2112~12c!exp~22bnJ!12c exp22@bnJ1buBu! if b→` and B,0.

~9!
ig.
In general, the solution can only be obtained numerically
can be seen that there are actually only two effective par
eters in this model: one isa5 bnJ, the other isg 5 bB.
Owing to symmetry, it suffices to give results forB . 0.
It
-
Solutions for typical values of parameters are shown in F
2. First we choosea 5 0.1, 0.8, and 1.2; then for eacha, the
dependence ofm on c is determined forg 5 0.01, 0.01, 0.1,
1, 10, and 100. Note that forc 5 0, i.e., the Ising model
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without a magnetic field,a 5 1 is the critical value dividing
the ‘‘paramagnetic’’ phase, wherem(c50) 5 0, and the
‘‘ferromagnetic’’ phase, where there is a ‘‘spontaneous m
netization’’ m(c50) Þ 0.

FIG. 2. The solution of the two-state model: ‘‘magnetization’’m
as a function of the fractionc of liganded receptor dimers. Here w
assume there was no ligand bound previously. The three figure
for three typical values of the parametera5bnJ: ~a! a 5 0.1, ~b!
a 5 0.8, and~c! a 5 1.2. In each figure, different plots are fo
different values of the parameterg 5 bB: L:g50.01;1:g
50.1; h:g51; 3:g510; n:g5100. Note that the critical point
which separates ‘‘ferromagnetic’’ and ‘‘paramagnetic’’ phases
a 5 1.
-

The quantitative measure of sensitivity, denoted byS, is
half of the slope atc50,

S5
]~m/2!

]c U
c50

5

1

11exp@22~bnJm01bB!#
2

1

11exp~22bnJm0!

12
4bnJexp~22bnJm0!

@11exp~22bnJm0!#2

,

~10!

where m05m(c50). It is clear thatS can be madearbi-
trarily large by choosing an appropriate value ofbnJ so that
the denominator in the above expression is arbitrarily cl
to 0. Form050,

S5
$1/@11exp~22bB!#%2 1

2

12bnJ
, ~11!

which is directly tuned by the difference betweenbnJ and 1,
which is the critical value of phase transition forc50. The
case withm0Þ0 is less favored, since the range of possib
m for different c could be diminished, making it more diffi
cult to distinguish between different stimuli. Moreover, th
sign of m0 would be determined by that of the previousB,
conflicting with the fact that the prestimulus level is fixed

For a givena, Salso increases withg 5 bB, but with an
upper bound. The fact that]m/]g→ 0 wheng→ ` indi-
cates that, if ligand binding has a strong enough effect,
response is independent of the exact value ofg. This pro-
vides a sort of stability for the effect of ligand binding.

Thus good sensitivity requires fine tuning of the couplin
the greater the sensitivity demanded by the bacterium,
more accuratelya 5 bnJ has to be controlled. Butg5bB
may vary widely without considerably affecting the r
sponse. This is reasonable, since the temperature range
able for bacterial survival is rather restricted and, for a giv
bacterium,nJ is a structural property, which could be opt
mized during evolution. On the other hand, the effect
ligand binding,B, depends on the external stimulus, whi
may vary considerably.

As an exercise, our model may be applied to the puzzl
situation in which both attractants and repellents are pre
@2#. In this case,

p~Bi ! 5 crd~Bi2Br !1cad~Bi2Ba!1~12cr2ca!d~Bi !,
~12!

wherecr andca are the concentrations of the repellents a
attractants, respectively, andBr andBa are respectively the
measures of the attractant and repellent binding. Obviou
the activity is dependent on bothcr andca .

V. ADAPTATION

Now we incorporate into this model the delayed adap
tion due to the change of methylation level. This may
achieved through an induced ‘‘field’’ with an opposite sig
to that associated with ligand binding, so that the ‘‘magne
zation’’ returns toward the prestimulus level. This assum
tion for the additivity of the effect of ligand binding and tha
of the change of methylation level is supported by the fin
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6404 PRE 58YU SHI AND THOMAS DUKE
ing that in a receptor there is a region which gathers, in
grates, and interprets the multiple inputs transferred by
transmembrane signaling domain and the methylated
chains, then transmits an output signal to the kinase reg
tion machinery@5#.

Two points should be made clear. First, the time scale
the change of the level of methylation of the whole system
much longer than the microscopic time scale, so the ‘‘m
netization’’ can still be obtained as the equilibrium prope
of the noisy Lyapunov function, which quasistatical
changes with the level of methylation. Second, since
ligand binding occurs on a time scale much shorter than
time needed for adaptation to be completely achieved,
cannot simply change the value ofB, but must introduce
another ‘‘field.’’ We denote this ‘‘induced field’’ by$Mi%,
with the distribution

p~Mi ! 5 cmd~Mi2M !1~12cm!d~Mi !, ~13!

wherecm is the fraction of the receptor dimers whose orig
nal level of methylation is modified. The sign ofM is oppo-
site to that ofB. Thereby the net field isDi 5 Mi1Bi , with
the distribution

p~Di ! 5ccmd~Di2B2M !1c~12cm!d~Di2B!

1~12c!cmd~Di2M !1~12c!~12cm!d~Di !.
~14!

The equilibrium state can be obtained by replacingBi in Eq.
~4! with Di . Adaptation is taking place ifcm and/orM vary
slowly with time. This gives rise to a time-dependent ‘‘ma
netization,’’ which may return to zero. To obtain a quanti
tive impression, by adopting the high noise limitb→ 0, it
may be estimated that whencmB1cM50, adaptation is
completed; the ‘‘magnetization’’ returns to zero. Here, w
shall simply assume that a molecular mechanism ex
which ensures that the state of zero ‘‘magnetization’’ is
attractor of the dynamics, so that adaptation is exact. A m
precise study of the adaptation process will be reported in
future.

Once the system has adapted, suppose that the conce
tion subsequently changes fromc to c1dc. One can obtain
the new activity by substitutingc1dc for c in Eq. ~14!, and
the values ofcm and M at which the adaptation was com
pleted. In general, what is most important is the change
fraction of liganded receptor dimers since the last adaptat
Under the high temperature approximation, the result is
~9! with c replaced bydc. Moreover, it can be seen that ifdc
is negative, i.e., if chemoeffector is removed, the effec
similar to the addition of a chemoeffector whose ‘‘field’’ ha
opposite sign. Therefore, the removal of attractant is equ
lent to repellent binding, and vice versa. This has inde
been observed in experiments@17#.

VI. SUMMARY AND DISCUSSION

In this paper, we analyze relevant experimental res
and draw the conclusion that both interdimer coupling a
noise are crucial in the mechanism of chemotactic signa
and adaptation. The ratio between their measures,a
5 bnJ, is one of the two effective parameters in the coo
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erative model we construct. A second parameter is the r
between the measure of the effect of ligand binding and
of the noise,g 5 bB. The essential features due to the b
ance of coupling and noise are well captured by the para
matic model of statistical mechanics, the Ising model. W
made an attempt to map the underlying mechanism of
lective effects in chemotactic signaling to the Ising model
a randomly distributed field, with the distribution reflectin
the ligand occupancy. To complete the mapping, we adop
the basis of Hopfield’s neural network model. The great d
ference between time scales of the various chemical and
chanical processes makes it feasible to obtain the signa
level as a quasiequilibrium property of a noisy Lyapun
function. This Lyapunov function describes the dynam
‘‘renormalizing’’ underlying complexity.

Our model provides the following picture. An individua
receptor dimer has two stable conformational states: an
tive one that corresponds to a high rate of CheA autoph
phorylation, and an inactive one that corresponds to a
rate. Noise gives rise to a distribution between these sta
and the partition is influenced both by ligand binding and
the conformational states of the neighboring receptor dim
In the simplest interpretation, the noise is purely thermalb
51/kT, 2B corresponds to the shift of the energy differen
between active and inactive states induced by ligand bind
andJ measures the effective coupling energy between ne
boring receptor dimers. The activity of the receptor cluste
a statistical average quantity. A change in the fraction
liganded receptor dimers causes the total activity to cha
from the prestimulus level. But the level of methylation al
changes, on a slower time scale. This causes an effect o
site to that induced by ligand binding. Consequently,
total activity ultimately returns to the prestimulus level.

The coupling between receptor dimers naturally provid
the sensitivity to small stimuli observed in experiments. A
ditionally, the noise makes the response to different value
concentration changes distinctive. Sensitivity to sm
changes in the environment requires a fine tuning of the
rametera, but g may vary without considerably affectin
the response. The equivalence between the removal o
attractant and the addition of a repellent, or vice versa, h
natural explanation.

Among problems for further investigation are the effec
of finiteness of the number of receptor dimers, potential r
domness in the coupling, and features that might be los
the mean-field solution. Correlation betweenBi , or Mi , at
different sitesi is also a possibility, and might have usef
consequences. The finite-size effect and the ‘‘random fie
due to the change of methylation level may destroy
‘‘spontaneous magnetization’’ that exists fora . 1, thus re-
laxing the constraint on the precision to whicha must be
specified to give high sensitivity. The mean-field solution
least accurate whenc→ 1

2 , since the fluctuation of the field is
Ac(12c)B, which increases to the greatest asc→ 1

2 . Thus
maybe the sensitivity is lower at moderate values of the
cupancyc than at the extremesc→0 andc→1. However,
this is not necessarily a limitation. The fractional occupan
c is related to the ambient concentration of ligand@L# by

c5
@L#

@L#1Kd
, ~15!
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whereKd is the dissociation constant. Thus

dc 5
@L#Kd

~@L#1Kd!2

d@L#

@L#
5 c~12c!

d@L#

@L#
. ~16!

Given that the bacterium probably needs to detect a rela
change in concentration,d@L#/@L#, we see that the greate
sensitivity to a change in occupancy is demanded whec
→0 or c→1, and the least whenc→ 1

2 .
It is well known that the two-state threshold neural n

work model is equivalent to a model with continuous va
ables in the high gain limit@24#, with the Lyapunov function

H5 2(̂
i j &

Ti j ViVj1(
i

1

Ri
E

0

Vi
gi

21~V!dV2(
i

HiVi ,

~17!

with ui 5 gi
21(Vi) determined by

C
dui

dt
5 (̂

i j &
Ti j Vj2

ui

Ri
1Hi , ~18!

whereui is interpreted as the soma potential, whileC is the
input capacitance of the cell membrane. When Eqs.~17! and
~18! are adopted for the network of chemoreceptor dime
Vi is a variable characterizing the stable conformation, i
the ~vertical! position of the mobile helix of the recepto
dimer, andui is the instantaneous position. Thus Eq.~18!
could be the equation of motion describing the transient p
cess of the movement of the mobile helix, in response t
forceHi generated by ligand binding, as well as forces due
couplings with the neighboring receptor dimers. Of cour
whether modification of Eq.~18! is necessary depends o
future experimental results.

According to this interpretation, by measuring the for
generated by ligand binding,H, and the displacement of th
mobile ~signaling! helix DV5(V12V0), one may obtain the
m

e

-

s,
.,

-
a
o
,

parameterB 5 HDV/2. Note thatHDV is the work done by
the forceH, consistent with the identification of 2B with the
shift in energy difference caused by ligand binding. Sim
larly, 4J/DV5Ti j DV is the force generated by the confo
mational change of one of the nearest neighbors. To ma
rough estimation, we take typical valuesa50.5, g55, and
1/b'4 pN nm ~assuming that the noise is purely therma!.
Then B'20 pN nm,nJ'2 pN nm. The measured displace
ment is 0.16 nm@12#. It is found that the force resulting from
ligand binding is about 250 pN, and the force due to co
pling between a pair of nearest neighbors is about 10
These orders of magnitude are quite reasonable.

Since the continuum model can be realized in elec
circuits, more insights might be provided from the viewpo
of system control, where negative feedback has been
studied. On the other hand, the analogy with the neural
work model is possibly more than a mathematical one. Fr
the viewpoint of evolution, there are common features
tween bacterial sensing and sensing of higher animals.
haps a primitive or ancestral neural network works in chem
taxis. Adler writes: ‘‘The basic elements that make behav
possible in higher organisms are also present in a single
terial cell; they are sensory receptors, a system that trans
and processes sensory information and effectors to prod
movement. Whether the mechanisms of any of these
ments in bacterium are similar to those in more comp
organisms remains to be established’’@2#. Margulis thinks:
‘‘Thought and behavior in people are rendered far less m
terious when we realize that choice and sensitivity are
ready exquisitely developed in the microbial cells that b
came our ancestors’’@31#. We hope our approach is a sma
step in addressing these issues.
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